
B Web supplement to Pesaran, Pick, Pranovich (2012)

This web supplement provides details that were omitted from the paper for brevity.

B.1 Weights for continuous break for extreme values of δ

Here, we derive the weights in (3) for δ = 0 and δ → ∞. First, for δ = 0 we have that
δ2HH′ + IT = IT and therefore

θ =
1

ι′T ιT
=

1

T
.

The weights are therefore

w =
1

T
ιT .

Second, for δ → ∞, first rewrite the weights as

w =(HH′ + δ−2I)−1
(
H+ δ−2θI

)
ιT ,

and note that

δ−2θ =

[
1− ι′T (HH′ + δ−2I)−1HιT

]

ι′T (HH′ + δ−2I)−1ιT
.

In the case where δ is sufficiently large we can expand (HH′ + δ−2I)−1 as

(HH′ + δ−2I)−1 = H′−1
[
I+δ−2

(
H′H

)−1
]−1

H−1

= H′−1
[
I−δ−2

(
H′H

)−1
+ δ−4

(
H′H

)−2 − δ−6
(
H′H

)−3
+ . . .

]
H−1

=
(
HH′)−1 − δ−2H′−1

(
H′H

)−1
H−1 + δ−4H′−1

(
H′H

)−2
H−1 + . . .

Hence

1−ι′T (HH′+δ−2I)−1HιT = 1−ι′T
(
HH′)−1

HιT +δ−2ι′TH
′−1
(
H′H

)−1
H−1HιT − . . .

and

δ−2θ =
1− ι′T (HH′)−1HιT + o(δ−2)

ι′T (HH′ + δ−2I)−1ιT
.

Therefore, as δ2 → ∞

δ−2θ → 1− ι′T (HH′)−1HιT
ι′T (HH′)−1ιT

,

lim
δ2→∞

w(δ) = (HH′)−1

[
H+

(
1− ι′T (HH′)−1HιT

ι′T(HH′)−1ιT

)
I

]
ιT .

But, using the fact that the triangular structure of H implies that

HH′ =





1 1 1 · · · 1
1 2 2 2
1 2 3 3
...

. . .
...

1 2 3 · · · T




, and

(
HH′)−1

=





2 −1 0 · · · 0
−1 2 −1 0

0 −1 2
...

...
. . . −1

0 0 · · · 1




,
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(see Neudecker, Trenkler and Liu, 2009, and Chu, Puntanem and Styan, 2011). There-
fore,

(
HH′)−1

H =





1 −1 0 · · · 0

0 1 −1
...

0 0 1
. . . 0

...
. . . −1

0 0 · · · 0 1





,

(HH′)−1HιT = (0, . . . , 0, 1)′ and ι′T (HH′)−1HιT = 1. Also, ι′T (HH′)−1ιT = 1.

lim
δ2→∞

w(δ)=(HH′)−1HιT = (0, . . . , 0, 1)′.

B.2 MSFE of post-break and optimal window

For the window that contains Tv of T observations the one-step ahead forecast is

ŷT+1 =
1

T − Tv + 1

T∑

s=Tv

ys =
1

T − Tv + 1

Tb∑

s=Tv

ys +
1

T − Tv + 1

T∑

s=Tb+1

ys

=
(Tb − Tv + 1)µ(1) + µ(2)(T − Tb)

T − Tv + 1
+

1

T − Tv + 1

T∑

s=Tv

σεεs.

Set v = T−Tv+1
T so that Tv = T (1− v) + 1, and re-write the above as

ŷT+1 = µ(2){1− I[v − (1− b)]}

+ I[v − (1− b)]

{
(1− b)µ(2) + [v − (1− b)]µ(1)

v

}
+

1

Tv

T∑

s=Tv

σεεs,

where I(c) is an indicator function equal to 1 if c > 0 and equal to 0 otherwise. The
one-step ahead forecast error is

êT+1 = (µ(2) − µ(1))

[
1− (1− b)

v

]
I[v − (1− b)] + σεεT+1 −

1

Tv

T∑

s=Tv

σεεs.

The expected squared forecast error normalized by σ2ε is

E
(
σ−2
ε ê2T+1

)
= 1 +

(µ(2) − µ(1))
2

σ2

[
1− (1− b)

v

]2
I[v − (1− b)] +

1

Tv
,

= 1 + λ2
[
1− (1− b)

v

]2
I[v − (1− b)] +

1

Tv
. (56)

Initially consider windows that do not contain the break. The window with all obser-
vations after the break will minimize the MSFE, so vov≤(1−b) = (1− b) and

E
[
σ−2
ε ê2T+1|v = (1− b)

]
= 1 +

1

T (1− b)
(57)

This is also the MSFE of the forecast using the post-break window observations.
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Now consider windows that include the break so that I[v− (1− b)] = 1 in (56). The
first order condition is

λ2
[
2(1− b)

v2
− 2(1− b)2

v3

]
− 1

Tv2
= 0, (58)

Then from (58), the expression for the optimal window (among those containing a
break) is

vo =
2(1− b)2λ2

2(1− b)λ2 − 1
T

= (1− b)
1

1− 1
2λ2(1−b)T

(59)

It can be seen that the optimal window is the distance to the break scaled by an expres-
sion that is larger the smaller the break and the smaller the distance to break. A condi-

tion of the optimal window is that it cannot exceed 1. Therefore vo = 2(1−b)2λ2

2(1−b)λ2− 1
T

! 1,

if λ2 < T
2(T−Tb)Tb

the optimal window contains all observations.

Using (59) in the MSFE (56) yields the results in (15).

B.3 Notes on the numerical solution of optimal weights in a multiple
regression model

To this end let

d(w) = S−1(w)




Tb∑

t=1

q2w2
txtx

′
t +

T∑

t=Tb+1

w2
txtx

′
t



S−1(w)xT+1,

p1(w) = S−1(w)S1(w(1))λ, and p2(w) = S−1(w)S2(w(2))λ,

γ(w) = x′
T+1S

−1(w)S1(w(1))λ,

θt(w) =

{
q2x′

T+1S
−1(w)xt if t ≤ Tb

x′
T+1S

−1(w)xt if t > Tb,
,

where d(w), p1(w) and p2(w) are k×1 vectors, and γ(w) and θt(w) are scalar functions
of w. Then, the T equations in (21) and (22) can be written as

θ(w)&w = Xd(w) + γ(w)

(
−X(1)p2(w)
X(2)p1(w)

)

= Xd(w) + γ(w)Z(w),

where X is the T × k matrix of regressors, X =
(
X′

(1),X
′
(2)

)′
, X(1) and X(2) are

Tb× k and (T −Tb)× k matrices of pre-break and post-break regressors. Also, θ(w) =
(θ1(w), θ2(w), . . . , θT (w))′ and & denotes element by element vector multiplication.
We now need to minimize the function

min
w

f ′(w)f(w),

subject to ι′Tw = 1 and wt ≥ 0, where

f(w) = θ(w)&w −Xd(w)− γ(w)Z(w).

The asymptotic weights given in Section 2.3.2 below can be used as starting values for
the numerical optimization.
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B.4 Simple computation of weights for multiple breaks

Here we derive a simple representation of the optimal weights in matrix notation that
is easy to implement in matrix oriented programming languages for any number of
breaks in the mean and the variance.

Using the case discussed in Section 2.4.2, we have the first order conditions

t ≤ T1 : φ(1)[φ(1)

T1∑

t=1

wt + φ(2)

T2∑

t=T1+1

wt + · · ·+ φ(n)

Tn∑

t=Tn−1+1

wt] + wtq
2
t + θ/2 = 0,

T1 < t ≤ T2 : φ(2)[φ(1)

T1∑

t=1

wt + φ(2)

T2∑

t=T1+1

wt + · · ·+ φ(n)

Tn∑

t=Tn−1+1

wt] + wtq
2
t + θ/2 = 0,

...

Tn−1 < t ≤ Tn : φ(n)[φ(1)

T1∑

t=1

wt + φ(2)

T2∑

t=T1+1

wt + · · ·+ φ(n)

Tn∑

t=Tn−1+1

wt] + wtq
2
t + θ/2 = 0.

We can write this in matrix notation as

(Q+ φφ′)w = −θ
2
ι,

where Q is a diagonal matrix with q2t as the t, t-element, φ = (φ1,φ2, . . . ,φT )′, and

φt =






φ(1) =
xT+1λ1

xT+1Ω
−1
xx xT+1

for 1 ≤ t ≤ T1

φ(2) =
xT+1λ2

xT+1Ω
−1
xx xT+1

for T1 < t ≤ T2

...

φ(n) =
xT+1λn

xT+1Ω
−1
xx xT+1

for Tn−1 < t ≤ Tn

0 Tn < t ≤ T + 1

Setting M = Q+ φφ′ we have

Mw = −θ
2
ι,

and therefore

w = −θ
2
M−1ι. (60)

Summing the weights over t yields

ι′w = 1 = −θ
2
ι′M−1ι.

Hence,

−θ
2
=

1

ι′M−1ι
, (61)

Using (61) in (60) yields the optimal weights

w =
1

ι′TM
−1ιT

M−1ιT . (62)
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B.5 MSFE for robust optimal weights

Consider the MSFE associated with the robust optimal weights defined in (44). For
these weights we need to compute

∑Tb
t=1wt,

∑Tb
t=1w

2
t , and

∑T
t=1w

2
t . Note that when

T and Tb are relatively large we can use the following approximations (noting that by
assumption b ≤ b ≤ b̄)

Tb∑

t=1

wt ≈
−1(
b̄− b

)
∫ b

b
log

(
1− a

1− b

)
da,

Tb∑

t=1

w2
t ≈ 1

T
(
b̄− b

)2

∫ b

b

[
log

(
1− a

1− b

)]2
da,

T∑

t=1

w2
t ≈ 1

T
(
b̄− b

)2

∫ b̄

b

[
log

(
1− a

1− b

)]2
da+

(1− b̄)

T
(
b̄− b

)2

[
log

(
1− b̄

1− b

)]2
.

First, note that

Tb∑

t=1

wt ≈
−1(
b̄− b

)
∫ b

b
log(1− a)da+

(b− b)(
b̄− b

) log(1− b) =
b− b

b̄− b
+

1− b

b̄− b
log

(
1− b

b̄− b

)
.

Also,

Tb∑

t=1

w2
t ≈ 1

T
(
b̄− b

)2

∫ b

b

[
log

(
1− a

1− b

)]2
da

=
1

T
(
b̄− b

)2

∫ b

b
[log (1− a)]2 da− 2 log(1− b)

T
(
b̄− b

)2

∫ b

b
log (1− a) da

+
[log(1− b)]2 (b− b)

T
(
b̄− b

)2 ,

and ∫ b

b
log (1− a) da = −(1− b) log(1− b) + (1− b) log(1− b) + b− b,

∫ b

b
[log (1− a)]2 da = −(1− b) [log(1− b)]2 + 2(1− b) log(1− b) + 2b

+(1− b) [log(1− b)]2 − 2(1− b) log(1− b)− 2b.

Similarly,

T∑

t=1

w2
t ≈ 1

T
(
b̄− b

)2

∫ b̄

b

[
log

(
1− a

1− b

)]2
da+

(1− b̄)

T
(
b̄− b

)2

[
log

(
1− b̄

1− b

)]2

=
1

T
(
b̄− b

)2

∫ b̄

b
[log (1− a)]2 da− 2 log(1− b)

T
(
b̄− b

)2

∫ b̄

b
[log (1− a)] da

+
[log(1− b)]2 (b̄− b)

T
(
b̄− b

)2 +
(1− b̄)

T
(
b̄− b

)2

[
log

(
1− b̄

1− b

)]2
.
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The above expressions simplify considerably if we set b = 0. We have

Tb∑

t=1

wt ≈
b

b̄
+

(1− b) log(1− b)

b̄
,

Tb∑

t=1

w2
t ≈ −(1− b) [log(1− b)]2 + 2(1− b) log(1− b) + 2b

T b̄2
,

and
T∑

t=1

w2
t ≈ 2b̄+ 2(1− b̄) log(1− b̄)

T b̄2
.

Using these results in (30), we have

ω2
x

x2T+1

[
E
(
e2T+1/σ

2
(2)

)
− 1
]
≈ φ2

(
Tb∑

t=1

wt

)2

+
(
q2 − 1

) Tb∑

t=1

w2
t +

T∑

t=1

w2
t

= φ2
[
b

b̄
+

(1− b) log(1− b)

b̄

]2

+
(
q2 − 1

)
[
−(1− b) [log(1− b)]2 + 2(1− b) log(1− b) + 2b

T
(
b̄
)2

]

+
2b̄+ 2(1− b̄) log(1− b̄)

T b̄2
.

In practice if we choose b̄ to be very close to unity but not unity then (1−b̄) log(1−b̄) ≈ 0
and (1− b̄)[log(1− b̄)]2 ≈ 0 and the result in (49) follows.

B.6 MSFE of weights in Figure 4

Figure 6 shows the MSFE corresponding to the weights plotted in Figure 3. The
horizontal axis gives the break point and the vertical axis the corresponding MSFE. It
can be seen from Figure 3 that the robust optimal weights discount past observations
more quickly than the optimal weights and the fitted ExpS weights. As a result, the
MSFE of the robust optimal weights is lower if the break is more recent and is higher
if the break is earlier in the sample. This difference is substantial for T = 50 and
φ2 = 0.1 for larger φ or T the MSFE is very similar for the three weights.

B.7 Robust optimal weights with higher order terms

Consider now the second order term in (43) and let

Tφ2H(b, a) = − 1

(1− b)2
+

1

b(1− b)2
I(b− a),

and note that for a < b

Tφ2
∫ b

0
H(b, a) = 0 when a < b,

6



Figure 6: MSFE of optimal weights, robust optimal weights, and fitted exponential
smoothing weights in Figure 4
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Note: The plots report the MSFE associated with the weights in Figure 4 for breaks at each point in

the sample, t = 1, 2, . . . , T . T = 50 in the plots in the left column, T = 500 in the plots in the right

column, φ2 = 0.1 in the plots in the top row, φ2 = 1 in the plots in the bottom row, and q2 = 0.5

throughout. The dash-dotted line represents the optimal weights w(a|q2,φ2) in (42), the solid line the

robust optimal weights in (48), and the dashed line the ExpS weights in (10).

since by assumption the probability of drawing b less than b is zero. Consider now the
value of the integral when b ≤ a ≤ b̄, and note that

Tφ2
∫ b̄

b
H(b, a) = −

∫ b̄

b

1

(1− b)2
db+

∫ b̄

b

1

b(1− b)2
I(b− a)db

= −
∫ a

b

1

(1− b)2
db−

∫ b̄

a

1

(1− b)2
db+

∫ b̄

a

1

b(1− b)2
db

= −
∫ a

b

1

(1− b)2
db+

∫ b̄

a

1

b(1− b)
db

= − a− b

(1− a)(1− b)
+ log

(
b̄

b

)
+ log

(
1− b̄

1− a

)
.

Finally, for a > b̄ we have

Tφ2H(b, a) = −
∫ b̄

b

1

(1− b)2
db+

∫ b̄

b

1

b(1− b)2
I(b− a)db = − b̄− b

(1− b̄)(1− b)
.
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Table 6: MSE of γ̂ in Monte Carlo experiments with continuous breaks
T\γ 0.8 0.9 0.95 0.98
50 0.013 0.012 0.009 0.004
100 0.005 0.004 0.004 0.002
200 0.003 0.002 0.001 0.001

Note: The table reports the MSE of the

estimation of the MA parameter γ in an

MA(1) model in the Monte Carlo experi-

ments reported in Table 2.

Combining these results, we obtain

w(a) ≈






0 for a < b
−1

T(b̄−b)
log
(
1−a
1−b

)
+ 1

T 2φ2(b̄−b)
×

×
[

−(a−b)
(1−a)(1−b) + log

(
b̄
a

)
+ log

(
1−b̄
1−a

)]
for b ≤ a ≤ b̄

−1
T(b̄−b)

log
(
1−b̄
1−b

)
− 1

T 2φ2(b̄−b)
b̄−b

(1−b̄)(1−b)
for a > b̄

and the discrete time version is

wt ≈






0 for t < Tb
−1

T(b̄−b)
log
(
1−t/T
1−b

)
+ 1

T 2φ2(b̄−b)
×

×
[

−[(t/T )−b]
(1−t/T )(1−b) + log

(
b̄(1−b̄)

(t/T )(1−t/T )

)]
for Tb ≤ t ≤ T b̄

−1
T(b̄−b)

log
(
1−b̄
1−b

)
− 1

T 2φ2
1

(1−b̄)(1−b)
for t > T b̄

(63)

In the case where b = 0, and b̄T = T − 1, or b̄ = 1− 1/T we have for 1 ≤ t ≤ T − 1

w∗
t =

−1

T − 1
log (1− t/T )− 1

T (T − 1)φ2

[
t

T − t
− log

(
(T − 1)

t(T − t)

)]
, (64)

and for the final date using the last part of (63) we obtain

w∗
T =

log(T )

T − 1
− 1

Tφ2
. (65)

The scaled version of these weights (that sum up to unity) are given by

wt =
w∗
t∑T

s=1w
∗
s

, for t = 1, 2, . . . , T.

In practice, one could set φ2 = 1/2 or 1.

B.8 Additional results for the Monte Carlo experiments in the paper

The results in Table 7 show that the influence of a break in the error variance is of
negligible importance for the forecasts, which confirms our theoretical results.
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Table 7: Monte Carlo results for random walk model with a discrete break, q = 0.5
b 0.95 0.9
λ 0.5 1 2 0.5 1 2

T = 50
opt.weight(disc.break; b,λ) 0.927 0.656 0.284 0.915 0.637 0.277

estim.opt.weight(disc.break; b̂, λ̂) 1.042 0.853 0.411 1.048 0.835 0.333
rob.opt.weights(b = 0.75, b̄ = 0.98) 0.947 0.702 0.440 0.940 0.655 0.332
rob.opt.weights(b = 0, b̄ = 1) 0.955 0.856 0.750 0.940 0.810 0.662

post-break obs.(b̂) 1.065 0.864 0.410 1.073 0.850 0.334

opt.window(b̂, λ̂) 1.002 0.824 0.426 1.006 0.803 0.335
AveW(wmin = 0.05) 0.964 0.887 0.804 0.947 0.835 0.709

estim.opt.weight(cont.break; δ̂) 0.997 0.939 0.648 0.999 0.895 0.424
ExpS(γ̂) 0.997 0.939 0.648 0.999 0.895 0.424
T = 100
opt.weight(disc.break; b,λ) 0.896 0.605 0.257 0.878 0.593 0.257

estim.opt.weight(disc.break; b̂, λ̂) 1.031 0.807 0.311 1.021 0.731 0.262
rob.opt.weights(b = 0.75, b̄ = 0.98) 0.908 0.697 0.471 0.884 0.619 0.316
rob.opt.weights(b = 0, b̄ = 1) 0.952 0.866 0.774 0.931 0.805 0.662

post-break obs.(b̂) 1.054 0.821 0.311 1.042 0.742 0.261

opt.window(b̂, λ̂) 0.994 0.780 0.316 0.990 0.714 0.265
AveW(wmin = 0.05) 0.964 0.899 0.830 0.939 0.830 0.706

estim.opt.weight(cont.break; δ̂) 0.990 0.910 0.469 0.978 0.769 0.289
ExpS(γ̂) 0.990 0.910 0.469 0.978 0.769 0.289
T = 200
opt.weight(disc.break; b,λ) 0.871 0.572 0.238 0.863 0.578 0.248

estim.opt.weight(disc.break; b̂, λ̂) 1.024 0.704 0.243 0.992 0.613 0.249
rob.opt.weights(b = 0.75, b̄ = 0.98) 0.891 0.683 0.461 0.868 0.605 0.306
rob.opt.weights(b = 0, b̄ = 1) 0.949 0.863 0.771 0.928 0.802 0.658

post-break obs.(b̂) 1.047 0.714 0.243 1.010 0.616 0.248

opt.window(b̂, λ̂) 0.991 0.686 0.245 0.971 0.607 0.249
AveW(wmin = 0.05) 0.962 0.898 0.831 0.937 0.828 0.704

estim.opt.weight(cont.break; δ̂) 0.979 0.800 0.288 0.952 0.648 0.263
ExpS(γ̂) 0.979 0.800 0.288 0.952 0.648 0.263

Note: Here, q = σ(1)/σ(2) = 0.5. Otherwise see footnote of Tables 2 and 3.

B.9 Monte Carlo results for an AR(1) DGP

Table 8 reports the results of a Monte Carlo experiment where we use the different
forecasting methods outlined in the paper for an AR(1) model. While we cannot claim
that the weights that we have derived are optimal in the context of this model, it is
nonetheless interesting to assess their performance in a dynamic setting. Here, we use
an AR(1)

y(r)t = µt + ρty
(r)
t−1 + ε(r)t , ε(r)t ∼ N(0, 1)

and set µt = 0 and ρt = 0.1. If there is a break in µt we set µ(1) = 0 and µ(2) = 1
and if there is a break in ρt we wet ρ(1) = 0.1 and ρ(2) = 0.6. We generate data for
t = −99, . . . , 0, 1, . . . , T and discard the first 100 observations. The results are based
on r = 1, 2, . . . , 10000 repetitions.

Table 8 reports the MSFE relative to that of the equal weights forecast. We compare
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the optimal and robust optimal weights to those of the forecast based on the post break
sample and the AveW sample. We omit the constant gain least square and the optimal
window for computational simplicity and as these experiments only intend to give a
first impression of the performance of the weights derived in this paper.

The results suggest that, if there is a break in ρ only and the unconditional mean
remains zero, the “optimal” weights increase the MSFE above that of the equal weights
forecast. The robust optimal weights, in contrast, lead to substantial improvements in
the MSFE, also exceeding that of the AveW procedure.

If the intercept changes but the persistence of the process remains unchanged,
the optimal weights generally perform better than the equal weights forecast. The
robust optimal weights that use the last quarter of the observations perform best when
T = 100 and 200; for T = 50 integrating the break date over the entire sample yields
the most precise forecasts. The post break forecast and the AveW forecast improve
over the full sample forecasts but not as much as the robust optimal weights.

Finally, when both the intercept and the AR(1) parameter change, the optimal
weights lead to large improvements in MSFE and have the smallest MSFE for T = 200.
When T = 50 and 100, the robust optimal weights offer the most precise forecasts, and
using the information that the break is in the last quarter of the sample improves the
forecasts. Overall, the results suggest that the optimal and the robust optimal weights
do lead to large improvements in forecast performance also in dynamic models.

Table 8: Monte Carlo results for an AR(1) and a discrete break, q = 1
b 0.95 0.9
λµ 0 1 1 0 1 1
λρ 0.5 0 0.5 0.5 0 0.5

T = 50

estim.opt.weight(b̂, λ̂µ, λ̂ρ) 1.043 1.044 0.885 1.094 0.979 0.675
rob.opt.weights(b = 0.75, b̄ = 0.98) 1.026 0.945 0.530 1.052 0.872 0.501
rob.opt.weights(b = 0, b̄ = 1) 0.895 0.873 0.599 0.898 0.855 0.547

post-break obs.(b̂) 1.097 1.089 0.918 1.173 1.029 0.744
AveW(wmin = 0.05) 0.937 0.908 0.721 0.936 0.875 0.656
T = 100

estim.opt.weight(b̂, λ̂µ, λ̂ρ) 1.070 0.946 0.528 1.104 0.866 0.445
rob.opt.weights(b = 0.75, b̄ = 0.98) 0.917 0.764 0.386 0.922 0.719 0.416
rob.opt.weights(b = 0, b̄ = 1) 0.887 0.836 0.522 0.882 0.809 0.504

post-break obs.(b̂) 1.140 0.994 0.553 1.190 0.902 0.494
AveW(wmin = 0.05) 0.936 0.888 0.691 0.920 0.836 0.629
T = 200

estim.opt.weight(b̂, λ̂µ, λ̂ρ) 1.055 0.817 0.333 1.025 0.734 0.398
rob.opt.weights(b = 0.75, b̄ = 0.98) 0.856 0.717 0.335 0.849 0.689 0.412
rob.opt.weights(b = 0, b̄ = 1) 0.881 0.827 0.473 0.867 0.804 0.503

post-break obs.(b̂) 1.127 0.854 0.362 1.078 0.751 0.421
AveW(wmin = 0.05) 0.933 0.882 0.659 0.909 0.834 0.624

Note: The results are for an AR(1) model, y(r)
t = µt + ρty

(r)
t−1 + ε(r)t , ε(r)t ∼ N(0, 1) with a

single break in µt and/or in ρt at Tb. Furthermore, λµ = (µ(1) − µ(0))/σ, λρ = (ρ(2) − ρ(1))/σ,

and here σ = 1. The results are based on 10,000 repetitions. For definitions and forecasting

procedures see the footnotes of Tables 2 and 3.
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B.10 Constant gain least squares

As stated in (51) and reproduced here for the convenience of the reader, in the lin-
ear regression model (1) the parameter is estimated using the recursion (Evans and
Honkapohja, 2001)

βt = βt−1 + αR−1
t−1xt(yt − x′

tβt−1)

and
Rt = Rt−1 + α(xtx

′
t −Rt−1).

We set β0 to the OLS estimate based on the first 2k observations and R0 = Ik. In the
empirical application we estimate α by minimizing the MSFE of pseudo-out-of-sample
forecasts of the last 40 pre-sample observations, that is, for the period 1984Q1–1994Q4.
The respective estimates of α are reported in Table 9.

Table 9: Estimates of the constant gain least squares updating parameter, α̂

Country h = 1 h = 2 h = 3 h = 4
USA 0.03 0.21 0.26 0.20
Japan 0.09 0.20 0.22 0.34
Germany 0.04 0.17 0.19 0.29
UK 0.20 0.17 0.17 0.20
F 0.04 0.05 0.10 0.10
It. 0.07 0.10 0.11 0.32
Spain 0.22 0.24 0.27 0.27
Can. 0.11 0.26 0.23 0.23
Aus. 0.01 0.21 0.22 0.17

The table reports the estimated α for the CGLS

estimation in the application. The estimates were

obtained by minimizing the MSFE of pseudo-out-

of-sample forecasts of the last 40 pre-sample ob-

servations.

C Country specific results from the application to the
yield curve as predictor of real economic activity

Tables 11 reports the results for the first sub-sample of forecasts, 1994Q1–2000Q4.
The forecasts for the second sub-sample, 2001Q1–2006Q4 are in Table 12.
The results for the last sub-sample, 2007Q1–2009Q4, are in Table 13.
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Table 10: Predictive power of the yield curve: Relative forecast accuracy per country (all
forecasts: 1994Q1–2009Q4)

USA Japan Ger. UK F It. Spain Can. Aus.
h = 1
prop. breaks 0.063 1.000 0.250 1.000 0.266 1.000 0.094 0.266 1.000
equal weight(MSFE) 0.463 1.097 0.682 0.469 0.293 0.542 0.343 0.444 0.350
est.asy.opt.weight 0.918 0.934 0.969 0.836 0.966 1.249 0.928 0.977 0.986
rob.opt.weight(1 break) 0.877 0.874 0.941 0.853 0.957 0.914 0.915 0.905 0.999
rob.opt.weight(2 breaks) 0.934 0.922 0.964 0.930 0.979 0.952 0.954 0.938 1.002
post-break 1.046 0.888 1.289 0.962 1.484 1.014 1.794 1.278 0.969
AveW 1.001 0.982 0.980 0.985 0.996 0.986 0.998 1.003 0.985
CGLS(α̂) 0.904 0.764 0.952 16.502 0.967 0.820 11.488 0.837 6.269
CGLS(¯̂α) 0.854 0.765 0.919 1.075 0.908 0.800 1.003 0.858 1.137
h = 2
prop. breaks 0.095 0.984 0.524 1.000 0.286 1.000 0.000 0.175 0.000
equal weight(MSFE) 1.533 3.139 1.871 1.635 0.874 1.627 1.248 1.615 0.724
est.asy.opt.weight 0.947 1.014 1.116 0.973 1.131 1.360 1.000 1.195 1.000
rob.opt.weight(1 break) 0.852 0.849 0.997 0.947 1.000 0.913 0.988 0.906 1.058
rob.opt.weight(2 breaks) 0.923 0.904 0.977 0.977 0.995 0.947 0.988 0.932 1.025
post-break 1.137 0.965 1.247 1.012 1.238 1.023 1.000 1.767 1.000
AveW 1.007 0.981 0.995 1.003 0.999 0.983 0.999 1.003 0.993
CGLS(α̂) 1.005 0.714 1.182 2.614 1.004 0.809 2.494 1.463 1.822
CGLS(¯̂α) 0.927 0.710 1.189 3.184 1.201 0.905 1.466 1.158 1.790
h = 3
prop. breaks 0.177 0.710 0.516 0.758 0.113 1.000 0.000 0.258 0.000
equal weight(MSFE) 3.059 5.751 3.473 3.240 1.722 3.146 2.598 3.284 1.144
est.asy.opt.weight 0.975 1.026 1.415 1.023 1.081 1.132 1.000 1.126 1.000
rob.opt.weight(1 break) 0.896 0.844 1.041 1.003 1.035 0.938 1.009 0.921 1.066
rob.opt.weight(2 breaks) 0.942 0.894 0.987 1.002 1.009 0.958 1.007 0.933 1.030
post-break 1.094 0.981 1.250 1.018 1.647 1.035 1.000 1.171 1.000
AveW 1.001 0.979 1.000 1.004 1.001 0.993 1.000 1.003 0.996
CGLS(α̂) 1.443 0.860 1.232 1.276 1.091 0.742 2.379 1.107 1.891
CGLS(¯̂α) 1.031 0.850 1.237 1.376 1.300 0.818 2.958 1.026 1.684
h = 4
prop. breaks 0.049 0.361 0.508 0.754 0.311 0.016 0.000 0.033 0.754
equal weight(MSFE) 4.780 9.121 5.232 4.913 2.738 5.029 4.200 5.095 1.513
est.asy.opt.weight 1.012 1.033 1.180 1.054 1.215 0.948 1.000 1.062 1.115
rob.opt.weight(1 break) 0.931 0.834 1.074 1.029 1.063 0.980 1.019 0.951 1.058
rob.opt.weight(2 breaks) 0.953 0.883 0.990 1.011 1.021 0.977 1.019 0.943 1.025
post-break 1.027 1.049 1.262 1.039 1.281 0.953 1.000 1.065 0.989
AveW 0.996 0.978 1.007 1.010 1.004 1.010 1.001 1.002 0.990
CGLS(α̂) 1.025 1.647 1.324 1.377 1.138 0.817 3.587 1.215 1.429
CGLS(¯̂α) 1.022 0.994 1.280 1.560 1.370 0.759 8.399 1.207 1.627

Note: The line denoted “prop. break” reports the proportion of forecasts where a break was detected by the Bai

and Perron (1997,2003) test. The countries are: USA, Japan, Germany, UK, France, Italy, Spain, Canada, and

Australia. For the forecasting methods see footnote of Table 5.
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Table 11: Predictive power of the yield curve: Relative forecast accuracy per country
(subsample 1: 1994Q1–2000Q4)

USA Japan Ger. UK F It. Spain Can. Aus.
h = 1
prop. breaks 0.000 1.000 0.143 1.000 0.393 1.000 0.107 0.500 1.000
equal weight(MSFE) 0.317 0.834 0.404 0.156 0.187 0.300 0.199 0.292 0.482
est.asy.opt.weight 1.000 1.009 1.028 0.934 1.030 1.036 0.985 1.162 0.983
rob.opt.weight(1 break) 0.794 0.800 0.955 0.773 1.020 1.116 0.787 0.978 0.979
rob.opt.weight(2 breaks) 0.904 0.861 0.985 0.935 1.011 1.024 0.915 0.974 0.996
post-break 1.000 0.938 0.997 0.729 1.444 1.216 1.021 1.246 0.949
AveW 1.003 0.970 0.950 1.003 1.000 1.041 0.977 1.016 0.978
CGLS(α̂) 0.874 0.738 0.990 0.711 1.057 1.098 1.307 0.810 3.806
CGLS(¯̂α) 0.768 0.738 0.984 0.738 0.994 1.108 0.830 0.871 1.009
h = 2
prop. breaks 0.111 0.963 0.333 1.000 0.333 1.000 0.000 0.185 0.000
equal weight(MSFE) 0.962 2.280 0.813 0.561 0.534 0.504 0.635 1.088 0.792
est.asy.opt.weight 0.789 0.972 1.461 0.719 1.280 1.470 1.000 1.031 1.000
rob.opt.weight(1 break) 0.611 0.721 1.022 0.777 1.121 1.292 0.788 0.981 1.010
rob.opt.weight(2 breaks) 0.827 0.806 0.993 0.976 1.057 1.046 0.940 0.951 1.006
post-break 0.772 1.009 2.138 0.734 1.353 1.512 1.000 1.151 1.000
AveW 1.028 0.968 0.983 0.980 1.002 1.136 0.978 1.020 0.987
CGLS(α̂) 0.499 0.686 1.153 0.731 1.133 1.259 4.542 0.753 1.230
CGLS(¯̂α) 0.469 0.633 1.156 0.731 1.218 1.541 1.655 0.739 1.208
h = 3
prop. breaks 0.385 0.423 0.385 0.500 0.115 1.000 0.000 0.538 0.000
equal weight(MSFE) 2.090 4.085 1.566 1.133 1.150 0.779 1.239 2.546 1.193
est.asy.opt.weight 0.701 0.976 3.300 0.846 1.042 2.064 1.000 1.170 1.000
rob.opt.weight(1 break) 0.552 0.690 1.084 0.790 1.158 1.444 0.792 0.990 0.982
rob.opt.weight(2 breaks) 0.819 0.768 1.010 1.001 1.070 1.070 0.967 0.937 0.993
post-break 0.692 1.014 2.362 0.937 1.101 1.713 1.000 1.236 1.000
AveW 1.003 0.963 0.997 0.972 1.004 1.283 0.980 1.019 0.990
CGLS(α̂) 0.436 0.758 1.490 0.701 1.106 1.407 5.065 0.829 1.224
CGLS(¯̂α) 0.345 0.725 1.505 0.687 1.262 2.121 8.930 0.825 1.180
h = 4
prop. breaks 0.120 0.560 0.320 0.440 0.560 0.000 0.000 0.040 0.400
equal weight(MSFE) 3.744 7.274 2.453 1.839 1.976 1.284 2.023 4.490 1.650
est.asy.opt.weight 1.036 1.062 1.369 0.926 1.025 1.000 1.000 1.008 1.204
rob.opt.weight(1 break) 0.570 0.697 1.147 0.820 1.184 1.506 0.819 1.019 0.922
rob.opt.weight(2 breaks) 0.836 0.767 1.021 1.025 1.085 1.087 0.998 0.943 0.965
post-break 1.085 1.155 2.360 0.995 1.078 1.000 1.000 1.000 0.971
AveW 0.974 0.969 1.018 0.978 1.006 1.331 0.981 1.017 0.979
CGLS(α̂) 0.285 1.184 1.740 0.668 1.132 3.435 13.700 0.886 1.012
CGLS(¯̂α) 0.281 0.991 1.507 0.774 1.334 2.376 38.320 0.883 1.073

Note: See footnote of Table 5. The dates given above denote the periods for which one-period ahead

forecasts are made. The h = 2 forecast makes the first forecast for the observation one quarter later, the

h = 3 forecast for that two periods later, and the h = 4 forecast for that three quarters later.
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Table 12: Predictive power of the yield curve: Relative forecast accuracy per country
(subsample 2: 2001Q1–2006Q4)

USA Japan Ger. UK F It. Spain Can. Aus.
h = 1
prop. breaks 0.000 1.000 0.333 1.000 0.083 1.000 0.000 0.000 1.000
equal weight(MSFE) 0.227 0.430 0.265 0.072 0.139 0.181 0.070 0.197 0.199
est.asy.opt.weight 1.000 1.075 1.010 1.003 1.119 0.851 1.000 1.000 0.946
rob.opt.weight(1 break) 1.041 0.955 0.823 1.053 1.040 0.886 0.913 0.938 1.005
rob.opt.weight(2 breaks) 1.010 0.950 0.903 1.014 1.020 0.978 0.925 0.961 1.002
post-break 1.000 1.121 1.029 1.009 1.276 0.811 1.000 1.000 0.941
AveW 1.001 0.984 0.959 1.002 0.993 0.921 0.986 0.992 0.981
CGLS(α̂) 1.019 0.982 0.852 1.314 1.054 0.950 0.955 1.138 10.894
CGLS(¯̂α) 1.133 0.982 0.754 1.191 1.113 0.941 1.072 1.102 1.168
h = 2
prop. breaks 0.000 1.000 0.542 1.000 0.250 1.000 0.000 0.167 0.000
equal weight(MSFE) 0.614 1.181 0.849 0.145 0.281 0.497 0.185 0.681 0.495
est.asy.opt.weight 1.000 1.015 0.978 1.049 1.724 0.804 1.000 1.735 1.000
rob.opt.weight(1 break) 1.184 0.980 0.885 1.087 1.070 0.831 0.942 0.892 1.090
rob.opt.weight(2 breaks) 1.039 0.950 0.915 0.989 1.025 0.970 0.922 0.924 1.036
post-break 1.000 0.957 0.985 1.072 2.159 0.724 1.000 2.274 1.000
AveW 0.999 0.982 0.987 0.980 0.996 0.847 0.979 0.993 0.996
CGLS(α̂) 1.952 1.289 0.732 1.717 1.106 0.911 1.279 2.495 3.139
CGLS(¯̂α) 1.516 1.291 0.727 1.723 1.594 0.832 1.397 1.574 2.400
h = 3
prop. breaks 0.000 0.875 0.625 1.000 0.125 1.000 0.000 0.083 0.000
equal weight(MSFE) 1.096 1.905 1.711 0.253 0.460 0.831 0.355 1.290 0.843
est.asy.opt.weight 1.000 1.150 0.865 0.907 1.544 0.787 1.000 1.466 1.000
rob.opt.weight(1 break) 1.523 0.977 0.922 1.035 1.129 0.871 1.077 0.854 1.134
rob.opt.weight(2 breaks) 1.140 0.930 0.919 0.947 1.046 1.008 0.974 0.893 1.052
post-break 1.000 1.175 0.845 0.892 1.913 0.718 1.000 1.617 1.000
AveW 1.002 0.975 0.992 0.960 1.001 0.815 0.978 0.995 1.000
CGLS(α̂) 5.363 2.096 1.014 1.963 1.707 1.010 3.825 2.403 2.244
CGLS(¯̂α) 2.713 1.961 1.013 2.054 2.937 0.922 2.272 2.185 1.958
h = 4
prop. breaks 0.000 0.333 0.875 1.000 0.208 0.000 0.000 0.042 1.000
equal weight(MSFE) 1.569 2.457 2.645 0.373 0.660 1.084 0.568 1.989 1.020
est.asy.opt.weight 1.000 1.118 1.596 0.856 3.184 1.000 1.000 1.384 1.064
rob.opt.weight(1 break) 1.703 0.963 0.939 0.922 1.200 1.023 1.141 0.848 1.172
rob.opt.weight(2 breaks) 1.176 0.889 0.906 0.871 1.071 1.084 1.004 0.885 1.057
post-break 1.000 0.985 0.998 0.824 3.723 1.000 1.000 1.422 1.011
AveW 1.010 0.964 1.001 0.933 1.006 0.853 0.983 0.998 1.002
CGLS(α̂) 3.704 5.951 1.459 2.371 1.990 1.313 4.366 2.908 1.804
CGLS(¯̂α) 3.749 2.405 1.447 2.530 4.473 1.553 3.289 2.868 2.437

Note: See footnote of Table 5. The dates given above denote the periods for which forecasts are made at

all horizons.
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Table 13: Predictive power of the yield curve: Relative forecast accuracy per country
(subsample 3: 2007Q1-2009Q4)

USA Japan Ger. UK F It. Spain Can. Aus.
h = 1
prop. breaks 0.333 1.000 0.333 1.000 0.333 1.000 0.250 0.250 1.000
equal weight(MSFE) 1.277 3.046 2.168 1.997 0.850 1.831 1.227 1.294 0.346
est.asy.opt.weight 0.842 0.847 0.934 0.806 0.882 1.409 0.898 0.873 1.046
rob.opt.weight(1 break) 0.866 0.899 0.964 0.854 0.898 0.843 0.964 0.856 1.059
rob.opt.weight(2 breaks) 0.924 0.953 0.970 0.924 0.948 0.920 0.971 0.912 1.022
post-break 1.089 0.790 1.480 1.001 1.573 0.977 2.176 1.381 1.066
AveW 1.000 0.990 0.998 0.980 0.995 0.977 1.007 1.000 1.009
CGLS(α̂) 0.881 0.719 0.960 20.462 0.893 0.689 16.537 0.760 8.942
CGLS(¯̂α) 0.804 0.721 0.932 1.128 0.796 0.655 1.061 0.777 1.517
h = 2
prop. breaks 0.250 1.000 0.917 1.000 0.250 1.000 0.000 0.167 0.000
equal weight(MSFE) 4.656 8.984 6.297 7.033 2.825 6.414 4.752 4.669 1.031
est.asy.opt.weight 1.006 1.038 1.054 1.015 0.950 1.427 1.000 1.123 1.000
rob.opt.weight(1 break) 0.877 0.888 1.020 0.972 0.934 0.858 1.052 0.872 1.110
rob.opt.weight(2 breaks) 0.936 0.948 0.989 0.976 0.963 0.926 1.008 0.925 1.049
post-break 1.343 0.942 1.059 1.060 1.006 0.983 1.000 1.942 1.000
AveW 0.999 0.988 1.001 1.008 0.998 0.977 1.007 0.998 1.003
CGLS(α̂) 0.991 0.579 1.312 2.990 0.929 0.714 1.973 1.534 1.580
CGLS(¯̂α) 0.984 0.601 1.322 3.685 1.116 0.804 1.415 1.256 2.210
h = 3
prop. breaks 0.083 1.000 0.583 0.833 0.083 1.000 0.000 0.000 0.000
equal weight(MSFE) 9.086 17.054 11.129 13.781 5.487 12.903 10.032 8.870 1.640
est.asy.opt.weight 1.106 1.024 1.009 1.059 1.020 1.055 1.000 1.000 1.000
rob.opt.weight(1 break) 0.916 0.895 1.064 1.039 0.963 0.881 1.062 0.898 1.129
rob.opt.weight(2 breaks) 0.955 0.951 1.001 1.004 0.974 0.937 1.020 0.942 1.066
post-break 1.317 0.921 1.035 1.037 1.850 0.987 1.000 1.000 1.000
AveW 1.000 0.987 1.004 1.011 1.001 0.978 1.007 0.995 1.000
CGLS(α̂) 0.999 0.636 1.221 1.354 0.982 0.620 1.559 0.903 2.580
CGLS(¯̂α) 0.968 0.667 1.225 1.474 1.042 0.634 1.409 0.815 2.197
h = 4
prop. breaks 0.000 0.000 0.167 0.917 0.000 0.083 0.000 0.000 1.000
equal weight(MSFE) 13.360 26.297 16.192 20.399 8.480 20.720 15.997 12.569 2.214
est.asy.opt.weight 1.000 1.000 0.984 1.085 1.000 0.936 1.000 1.000 1.023
rob.opt.weight(1 break) 0.961 0.889 1.095 1.072 0.983 0.908 1.063 0.932 1.163
rob.opt.weight(2 breaks) 0.969 0.948 1.008 1.013 0.982 0.951 1.025 0.960 1.087
post-break 1.000 1.000 1.002 1.056 1.000 0.942 1.000 1.000 0.995
AveW 1.005 0.987 1.005 1.019 1.002 0.984 1.007 0.992 0.998
CGLS(α̂) 0.828 1.109 1.149 1.473 1.009 0.428 0.867 0.925 1.731
CGLS(¯̂α) 0.815 0.733 1.155 1.672 0.904 0.467 0.879 0.922 1.741

Note: See footnote of Table 5. The dates given above denote the periods for which forecasts are made at all

horizons.
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